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Abstract. We first characterize continuous spectrum and purely discrete spectrum
of an isometry U of a Hilbert space geometrically by the existence of a spanning
system, resp. by the absence, of vectors with infinitely many orthogonal images under
powers of U. We then characterize weak mixing and discrete spectrum of an invertible
measure preserving transformation of a probability space in terms of the null sets of
the space. Finally for two-fold weakly mixing transformations the result on isom-
etries is strengthened by proving the density of the set of partitions with infinitely
many mutually independent images in the set of all finite partitions.

0. Introduction. This paper consists of three parts. Part 1 deals with spectral
theory in Hilbert space, part 2 and part 3 deal with spectral properties of measure
preserving (m.p.) transformations of a probability space. The three parts are
closely related, but can be studied independently—except that some preliminary
results in part 1 (up to Proposition 1.2) are used in part 2.

We first consider an isometry U of a complex Hilbert space . We say that U
has purely discrete spectrum if $ is spanned by the eigenvectors of U, and that U
has continuous spectrum if U has no eigenvectors. We give a geometric characteri-
zation as follows: A vector f'€ 9 is called weakly wandering if there exists a strictly
increasing sequence 0=k,<k, <k;<--- of nonnegative integers such that the
vectors U*if (i € Z*) are orthogonal to each other. We show that U has continuous
spectrum if and only if the weakly wandering vectors span 9 and that U has purely
discrete spectrum if and only if there exist no nonzero weakly wandering vectors.
In the first case the weakly wandering vectors turn out to be dense in . (The con-
cept of weakly wandering vector is analogous to Hajian and Kakutani’s concept
of a weakly wandering set in a measure space [2]. Halmos [3] has used the term
wandering subspace for subspaces < $ all images U*® (k€ Z*) of which are
orthogonal to each other. It follows from the orthogonality relations of the
functions e2™"* (n € Z, x € [0, 1]) that the existence of sufficiently many wandering
vectors characterizes absolutely continuous spectrum, i.e. Lebesgue spectrum.)
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In part 2 we consider a m.p. transformation T in a probability space (Q, #, ).
T induces an isometric operator Uy in £4(Q, #, p) by Urf=fo T. Tis called weakly
mixing if U, has continuous spectrum on the orthogonal complement of the space
consisting of the equivalence classes of the constant functions. 7T is said to have
discrete spectrum if Uy has purely discrete spectrum. A sequence (B,) of F#-
measurable sets is called remotely trivial if the intersection of the o-algebras
4, (m=0) generated by {B,,,, k € Z*} contains only sets of measure zero or one.
Sucheston [18] has shown that T is strongly mixing if and only if for all 4 € #
every subsequence of (7~ "A4) contains a further subsequence which is remotely
trivial. We give similar characterizations for weak mixing and discrete spectrum
as follows: T is weakly mixing if and only if for all 4 € # the sequence (T ~"A)
contains a remotely trivial subsequence. If T is ergodic T has discrete spectrum if
and only if, for no 4 € & other than null sets and their complements, the sequence
(T-™A) contains a remotely trivial subsequence. A sequence (B,) is remotely
trivial if it has sufficiently good asymptotic independence properties. We are there-
fore able to derive Kusnirenko’s characterizations of discrete spectrum in terms of
his entropy for subsequences [12] from our result.

The fact that weak mixing can be characterized in terms of the null sets of the
measure space suggests the consideration of weak mixing for nonsingular trans-
formations. This approach has been taken in the case of strong mixing by Pro-
fessor Sucheston and the author [10]. We give a heuristic explanation of the more
formal definitions given in [10]. It will then be clear that the formal approach
(which was preferred in [10] in order to obtain a unified treatment of mixing and
complete mixing) should not be applied to the above characterization of weak
mixing.

In part 3 we ask for exact independence along a subsequence rather than for
asymptotic independence. Let T be an invertible ergodic m.p. transformation of a
probability space (Q, #, p). If the entropy A(T) of T is positive, Sinai’s theorem
[20] implies the existence of independent partitions, i.e. of partitions
£={4,, Ay, ..., A} of Q, for which & T~1¢, T-2¢,. .. are mutually independent.
We call a partition ¢ weakly independent, if there exists a subsequence 0=ky <k,
<ky< - of the integers such that 7 %o, T~*:£, T~*2£, .. are mutually inde-
pendent. In the case A(T)=0 Kusnirenko’s results on entropy for subsequences
suggest the search for weakly independent partitions. If T is weakly mixing this
comes down to the question whether approximate independence of partitions
T*¢, T-*1g, ..., T %¢ can be changed into exact independence by a modifica-
tion of the partition. Observe that only n sets can be modified, but for independence
to hold (n— 1)n* equations must be satisfied.

We call T 2-sided weakly mixing if for all 4, B, Ce &,

O Jim LS T A0 B O TC) = s AWBIC)| = O

Weak mixing is the special case where (0.1) holds for all 4, B and for C=Q.
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We show that weak mixing is necessary and 2-sided weak mixing is sufficient for
the density of the set of weakly independent partitions in the set of all finite par-
titions. We conjecture that weak mixing is both necessary and sufficient.

We do not know whether weak mixing and 2-sided weak mixing are equivalent.
In fact, 2-sided weak mixing is implied by 2-fold weak mixing as defined by Leonov
[13] and the question whether 2-fold weak mixing coincides with weak mixing is
open. In the class of stationary Gaussian processes weak mixing and r-fold weak
mixing are equivalent for each r=2.

If fis a function with zero integral, taking only finitely many values ¢y, ..., ¢,
and if the partition ¢é={4,, ..., 4,} with 4,={f=c;} is weakly independent, then
fis a weakly wandering vector in &, for the isometry Uy. Our result on weakly
independent partitions therefore strengthens the general theorem on isometries
with continuous spectrum in the special case of 2-sided weakly mixing transforma-
tions. Note that even in the case of positive entropy the present result cannot be
replaced by Sinai’s theorem, because that theorem makes no density statement
and therefore does not yield a system of weakly wandering vectors spanning the
Hilbert space.

The results of part 2 and part 3 of this paper suggest the following question:
Is it true that nontrivial weakly independent partitions exist if and only if T does
not have discrete spectrum? The “only if”’ part is of course obvious.

We remark that all relations between sets and functions are meant to hold
modulo null sets.

Notation. A° denotes the complement of a set 4, 4 A B the symmetric difference
of A and B, and A4\B the set 4 N B°. 1, denotes the indicator function of 4, i.e.
the function which takes the value 1 in 4 and the value O in A°. Let

Z={0,+1,+2,...), Z*={0,1,2,...} and N=1{1,2,3,...}.

If E is a finite set, |E| denotes the number of its elements.

I would like to acknowledge my indebtedness to ideas of KuSnirenko and
Sucheston. I would like to thank Professor J. Neveu for sending me a copy of his
lecture notes on ergodic theory, Professor W. Parry for informing me about a
relevant result of Mrs. Dowker, and Professors Akcoglu, Papangelou and Sucheston
for stimulating discussions.

1. Weakly wandering vectors. We consider a complex Hilbert space $ with
scalar product (-, -) and norm | - ||. The complex conjugate of a scalar c is denoted
by ¢.

For the convenience of the reader we start with a preliminary discussion of some
spectral theoretic results, which will be needed for the proof of our theorem. This
discussion is based on lecture notes of Neveu [14].

A subset M of Z* is said to have density zero if n=! 3223 1,(k) tends to zero.
A sequence (a,, n € Z*) of complex numbers is said to converge strongly Cesaro
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to a (in symbols a, 2 a) if n=* J%2§ |a,— a| tends to zero. It is an exercise to show
that a bounded sequence (a,, n € Z*) converges strongly Cesaro to a if and only
if there exists a subset M of Z* of density zero such that lim, ., .n¢p @, =a.

LEMMA 1.1. Let v be a bounded measure on the 1-dimensional torus T,=|[0, 1]
and ¥(n)= [ e?™"*v(dx) (n€ Z) its Fourier-transform. The sequence (¥(n),ne Z*)
converges strongly Cesdro to zero if and only if v has no atoms (i.e., v({y})=0 for
each y e Ty).

Proof. As (#(n)) is bounded the above characterization of strong Cesaro con-
vergence implies that #(n) ~» 0 is equivalent to $(n)2 ~» 0. We have

n-1 n-1
nt > |pk)|2 =nt ZJ v(dx)ez"”"‘J
k=10 k=0JT;

Ty

V(dy)e - 2niyk

n-1
— f [n -1 z e2mitx - y)k] v(dx)v(dy).
k=0
The last term tends to

(1.1 [ wasny) = 3 iy

as n — oo, because the integrands [. . .] are everywhere bounded by 1 and converge
to -y O

PROPOSITION 1.1. Let U be an isometry in the Hilbert space $ and let U, (n€ Z)
be defined by U,=U" (n20) and U,=U*"" (n<0). For every f€ $ there exists a
unique bounded nonnegative measure p; on T, =0, 1{ such that

12) s = [ emuid)  (ne2).

;s is called the spectral measure of f.

Proof. For every finite sequence {c;, |k| £n} of complex numbers one has

3 3 ctulUi-nfif) = 3 3 el U, Unf) =U > aUf

2
20.

The sequence (U, f, f) is therefore nonnegative definite and the proposition follows
from a general theorem of Herglotz [5]. (The proposition holds even for contrac-
tions, but the proof is then more difficult.) [

An element 0#f € 9 is called an eigenvector for the isometry U if there exists a
complex number c (the eigenvalue) such that Uf=cf. Let $, be the subspace of
which is spanned by the eigenvectors of U and let §, be its orthogonal complement.

ProPOSITION 1.2. The following statements about an element f € $ are equivalent:
(@) fe9e,

(b) ps has no atoms,

© (U'1.f)~0,

(d) (U*f,g) ~»0 forallge .



1972] WEAKLY WANDERING VECTORS 203

Proof. (a) = (b). Let fe 9. and assume p,({y})>0 for some y € T,. Applying
von Neumann’s mean ergodic theorem to the contraction e~ 2"*U we find that the
averages n~! St_1 (e 2™ U)*f converge to an element g€  with e 2" Ug=g.
We have

(8.) = lim 1723 e KU, f)

n-1

= lim | n7* > e~V (dx) = p({y}) > 0.
n—o JT; k=0

Hence g #0, and g is an eigenvector (with eigenvalue e2™¥) which is not orthogonal

to f. This contradicts our assumption.

(b) = (c). This follows from Lemma 1.1.

(c) = (d). The set of elements g € $ such that (U*f, g) ~»0 is a closed linear
subspace of 9. From (U¥f, f) ~» 0 and the fact that U is an isometry it follows that
every g of the form U,f belongs to that subspace. For every vector g which is
orthogonal to all vectors U,f we even have (Uf, g)=0. The subspace therefore
coincides with $.

(d) = (a). Let g0 be an eigenvector with eigenvalue c¢. As U is an isometry
we have |c| =1 and U*g=¢g. Now (U*f, g) ~» 0 and (U¥, g)=(f, U**g)=(f, c*g)
=c*(f, g) imply that f is orthogonal to g. As g was an arbitrary eigenvector,
fe 9, follows. [

Recall that U is said to have purely discrete spectrum if =9, and continuous
spectrum if $=9.. We are now in a position to prove our main result.

THEOREM 1.1. An isometry U of a Hilbert space $ has continuous spectrum if
and only if the weakly wandering vectors span . It has purely discrete spectrum if
and only if there exist no nonzero weakly wandering vectors. If the weakly wandering
vectors span 9, they are even dense in 9.

Proof. Let us first show that the existence of a spanning system of weakly
wandering vectors implies for all f, g € $ a convergence statement which is stronger
than (U*f, g) ~» 0.

LEMMA 1.2. Let U be an isometry in 9, ||f| =1, and assume that for some finite
sequence O0=ko<k,<--- <k,_; the vectors U¥of, ..., U*-sf are orthogonal. Then
we have for all he

j+n—-1
(1.3) lim sup (Sjli}gn'l > lwy, h)|2) < 1,

Proof. We may assume ||| =1. Let f=U*f (0<i<r). For each / € N the vectors

U'f; are orthogonal and have length <1. Bessel’s inequality therefore implies for
allleN

3 (S bl = 17 = 1
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For any n=2k,_, and any j=0 we have

j+n-1 i+
kZ, (UL BI < kst > UL B2 (0Si<r).

=j+tkr-

Hence
j+n-1 r—

j+n-1
,Z, (U, B2 < kyoybr >

1
k=j+ke-1 =0

(U =%, b2
=< kr—l +2k,_1+r‘1n.

Dividing by n and passing to the limit we get (1.3). [
The lemma implies for weakly wandering vectors f €  the relation

(1.4) lim (supn-l“f1 (U, h)|2) 0  (he®).

n—o \j=0 k=4

(1.4) means that, for every e>0, n~*{k : jSk<j+n—1, |(U¥f, h)|>>¢}| tends
to zero uniformly in j. Thus (1.4) is equivalent to

(1.5) lim (sug n-1 ’12}1 (U, h)l) 0 (he®).

n-so \j2

The set of vectors f € §, for which (1.5) holds, is a closed subspace of $. Therefore,
if the weakly wandering vectors span 9, (1.5) holds for all fe . Hence (U*f, h)
~2 0 (f, h € ©), therefore H,=9. (1.5) can be interpreted as the statement that the
maximal Banach limit of the sequence (|(U*f, h)|) is zero for all f, h € 9, see [19].
The fact that (1.5) holds in the case of continuous spectrum is known [7].

It is now sufficient to prove that in the case =9, the weakly wandering vectors
are dense in 9. This is the crucial part of the proof. If U does not have purely
discrete spectrum we can apply this result to the restriction of U to the invariant
subspace $.#{0} to obtain a nonzero weakly wandering vector. Conversely, if
there exists a weakly wandering vector f#0, Lemma 1.2 and the considerations
following it imply (U*f, f) ~» 0. Proposition 1.2 then implies $. # {0}. We formulate
the required result as a lemma:

LeMMA 1.3. Let U be an isometry of the Hilbert space © and let $=$.. Then for
all fe  and all €>0 there exists an f© € $ with

(1.6) If=f@l < e
and a sequence 0=ko<k, <k, < --- of integers such that
(1.7 (U@, U @) =0 (0 £4,j<,i#])

The proof proceeds by an inductive construction. Following a suggestion of the
referee we start with an informal outline designed to familiarize the reader with the
ideas. The proof below is independent of it.

Assume, for simplicity, || f||=1. Proposition 1.2 implies that [(U*f,f)| is small
for most sufficiently large values of k. We start by modifying fo =/ into an f; close
to f, so that (U*1fy, f1)=0 for some k,. We explain below how this is done.
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When f; and O=k,<k; < --- <k, have been determined such that the vectors
Uk, (0<i<t) are orthogonal, we want to find k., ; and to modify f; into £, ; such
that the vectors U*i;,, (0<i<t+1) are orthogonal. It seems to be difficult to
obtain the modification f; — f;,, in one step. We introduce a mapping x, of a
neighborhood of f; into a neighborhood of f; such that the deviation from or-
thogonality (measured in terms of M?(g)=max {||g|| ~2|(U¥:+:g, Ukg)|,0<i<t})
is cut in half, i.e. M2(x,(g)) <2 " M#(g).

The definition of x, is most intuitive for #=0: Take k, such that f,=f, U*1f, and
U?f are nearly orthogonal. Change f; into xo(fo)=fo—(fo, Ukrfy)U*1f, and
compare xo(f) and U¥iyo(f,). The reader may like to draw a picture to see that the
orthogonality of yo(f;) and U*ixy(fo) is much better than that of f, and U*1f,. In
fact, if g is close to f, and we define xo(g)=g— | g|l ~2(g, U¥1g)U*g, then the
orthogonality of xo(g) and U*1x,(g) is much better than that of g and U*g.

For t=0 we can apply x, over and over again and the sequence x}(g) converges
to a vector f; with (f;, U*1f;)=0. Unfortunately for > 1, y, has the property that
the vectors U*iy,(f;) (0 <i<t) need no longer be orthogonal. We fix this by applying
the entire orthogonalization procedure defined up to step ¢ to x,(f2). Let ¢,(g) be the
vector obtained by applying the orthogonalization procedure of the previous
steps to g. We change f; into x,(f;), then into g.x,(f}), then into x@.x:(f;), then into
eexepexe(fi), etc. Under suitable assumptions the limit exists. We call it f;,,. The
constructions are possible if we define x, in such a way that for ¢, =gy,

™ Mi(Pd(g)) = 271 Mi(g)

and such that in the course of the construction we never leave the neighborhood of
Ji» in which y, and g, are defined and satisfy the required inequalities. It is, in fact,
sufficient to have (*) for those g for which g, U*sg, ..., U¥g are orthogonal. Each
¥4(g) has this property, therefore we get M2(Y?(g)) <2~ "~ DME(L(g)).

To avoid that one of the modifications of f; lies outside the prescribed neighbor-
hoods we need an estimate of | p,(g) —g|. Such an estimate is given in the induction
hypothesis below.

We hope that these remarks help to clarify the formal proof which follows.

Proof of Lemma 1.3. We may assume

(1.8) [fl =1 and e< %

Step O of the construction consists in specifying fo=f, ko=0, Co=1, §,=1, and
po(g)=g (g € 9).

At the end of step 7 (=0) of the construction we have determined a sequence
of integers 0=k, <k, < - - - <k, an element f, € 9, constants C,>0 and §,>0 and a
mapping ¢; of a neighborhood of f£; into . It is convenient to introduce the notation
M(g)=0,

M(g) = max {|(Ukg, Usg),0 S i <jS 1} (t>0).
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The element f; satisfies M,(f;)=0 and
(1.9 If=fill <272(270+2"1+...4+27Y).

C,, 8, and ¢, are such that ¢,(g) is defined for all g € $ with | f,—g| + C:M,(g) < §,
and such that ¢,(g) for these elements g of $ satisfies My(p,(g))=0 and | g— e, (g)|
SCM(g).

Observe that these inequalities imply ¢,(f;) =f..

Step t+1. We proceed to construct k;,, fi11, Cir1, 841 and @,.,. In this
construction we shall deal with modifications g of f; and we shall assume without
mention that they will have the property

(1.10) 271 < |g| <2

This assumption will be justified later. For a modification g of f; and for an integer
k>k, let

a(g) = —| gl "2(U*g, U¥g), M(g) = max{|a(g)|,0 < i< 1}
and

t
x(8) = g+ _ZO a(g)U* ¥yg.

The dependence of a,(g), M#(g), and x,(g) from k is suppressed in the notation,
because we will choose a fixed value of k later in the construction. We have to
consider the scalar products

(Ukx(g), U*xd(8)) = (U*g, U*g)+ay(g)(U*g, Urg)

¢
(l.ll) + ; at(g)(Uk—k,+k‘g, ng)+ 20&0(3)(Uk‘g’ U2k—k¢g)
tot
+ > Y a(g)alg)(Uk-khg, UPrag),
0=01=0
and
t
(U*ix(8), Ukixdg)) = (Ukig, Ursg)+ 2 alg)(U*~**kig, Ukig)
1=0
t
(1.12) + Zoa"(g)(uk'g’ U¥k—Fotyg)
t ot
+ D D a,(g)a(g)(UrFtig, Uk-Fatkg),
0=01=0
Let

Mt* = max {lkaﬂs Uzk-k"ﬁ)l’ |(kaﬂa Uk_k“+klf;)|’ 0= i’j, o= t}'

Observe that the first two terms on the right side of (1.11) cancel by our choice of
ai(g). As U is an isometry the definitions of a,(g) and M¢(g) give

(1.13) |M¥g)| < 1.
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The equations (1.10), (1.11), (1.12) and (1.13) now yield the following estimates:
(1.14) |(Ukx(g), Urxd(g))| < tMF(g)Mi(g)+2(t+1)*M(g)(MF +4| fi—2 )

and for k;<k;

|(U¥kx(g), Ukix(g))|

(1.15)
< M)+ 2(t+ (M +4| fi—gl)Me(g) +4(2+1)* M (g)
It follows that

(1.16) Mi(x{(8)) = M(g)+2(t+ 1) (M +4| f,—g|)Mi(g)+4(t+1)*M{(g)*.
If g is such that

(1.17) Ifi—x(&)| + C:M(xA8)) < &
then we can find an element ¢,(x,(g))=4.(g) € $ with the properties
(1.18) M(g)) =0 and [x(g)—¥«(g) £ C:Mi(x(g))-

The equations (1.10), (1.14), (1.16) and (1.18) yield the following estimate for
ME((8)):

Mg(d(g)) = 4 max {|(Ur(g), Uy(g))|, 0 < i < ¢t}
< 4(max {|(U"4x,(g), U"x,(g))|, 0 <i=t}+4|x(g)—¥(2))
< A(eM(g)MP(g) +2(t+ 1)X(M* +4 f:— g )M (g)) +16C. M (x(g))
< 16CM(g)+ M (g){4tM(g)+8(t+ 1)*(M* +4| fi—gl)
+32(t+ DCAM* +4| f.—g])) + 64(t+1)°C, M (g)}-

Clearly the same estimate holds for MZ(x.(g)). We will show later that it is possible
to choose k such that the expression { } after the last inequality is smaller than 271,
and such that this remains true if g in { } is replaced by a modification occurring
later in the construction (such as g, g@, ... defined below). This k will be the
Keys.

By induction we have M,($,(g))=0. Applying the above estimates to g¥=g,
gt V=4, (g™) we find M,(g™)=0 (n=1) and therefore

(1.19) Me(g®) = Mi(g),
(1.20) ME(g™) < 16C,M(g) +2-"M¥(g),
(1.21) Me(g™*D) < 27IMe(g™)  (n 2 1),

For each n=0 the estimate given for M#(g™*?) is also an upper estimate for
M?(x(g™)). We shall show that the sequence g™ converges and that the construc-
tion does not break down at some stage, if k=k,. , is selected appropriately. The
vector @;,;(g)=lim,_, g™ =Iim,., $?(g) has then the required orthogonality
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property M, (¢.+1(g))=0. We estimate the distance of the modification y,(g)
of g from g:

l4(g)—gll = |g—x()] + [x(8) —¥(2)]
(1.22) S2(t+1)ME(g)+ CiM(x(8))
< CM(g)+Me(g){2(t+ 1)+ 2(2+ NCUM* +4| fi—g ) +4(2+ 1)) C: M (g)}.

Similarly, for n>1,

" g(n) _ g(n +1) “
< ME(g™)2(t+ 1) +2(t+ DCAME +4] f.— g™ ) + 41+ 1)2C, M (™)}

For each n>0 the estimate given for | g™*»—g™| is also an upper estimate for
lx(g™)—g™]|. As long as we take care that 2-'< [ g™| <2 holds for all n=0,
we may estimate { } in (1.22) and (1.23) from above by a fixed constant D,. It
follows that g™ converges (if the construction of all g™ is possible and our various
assumptions do not break down at some stage), and that

(1.23)

lg—@es2(O)] = _Zo lg™—g®* | = C:M(g)+ D, ZOM?(g"")-

If we write k,. , for k in the definition of a;(g) we see that

(1.24) M,,1(g) = max {My(g), | g[*M¢(g)}-

Let C,,;=(64C,+8)D,. Then (1.19)=(1.22) and (1.24) imply [g—¢:(g)|
£27'Cy 1M, 11(g) and D,MF(g™) 27"+ PC,y 1 My, 1(g) (n20) and therefore

(1.25) "g—‘Pt+1(g)" = Zo ”g(n)—g(n“)” S CiyaM,,1(8).

We now have to show that the construction actually works if g is sufficiently close
to f; and k =k, , is determined in such a way that M;* and M?(f;) are small enough.
We first introduce auxiliary constants: By (1.9) we have 2~ <||f;| <2. Determine
positive real numbers 7;, p, and o, with 0 <7, <1,0<p, <2~ ¢*Ve, and 0 <, <27 %p,
such that in the case M;* <=, any h € $ which satisfies

(1.26) lh=£ill < pe
and
@1.27) Mih) <

also satisfies
27t < |h]| <2, |fi—hl|+CMh) < 8,
and
{4tM(h) + 8(¢+ 1)2(M* + 4] f,— h|) + 32(t + 1)C(M* +4]| f,—h])
+64(1+1)2C,M&(h)} < 2-1.
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For such a choice of 7;, p; and ¢, the number k does not have to be known. As U
has continuous spectrum, we have (U*h,, hy) ~» O for all h,, h, € 9. It follows that
for any y>0 and for any finite system of vectors 4, , and A, , there are arbitrarily
large values of k for which [(U*h, ,, hy ,)| <y and [(U?*h, ,, hy ,)| <y hold for all
values of v and p. It is therefore possible to find a number & > k, such that M* <=,
and

(1.28) 8C,, JMH(f)) < 27+ q,,

This k is now fixed and is called k;,,. It follows from M,(f;})=0 and (1.28) that
there exists a number B, >0 with B, <2~ e, such that for all g e H with

(1.29) Ife—gll < B

the inequalities

(1.30) 32C, 1 M(g) <oy and 16C,, ;MP(g) < 27
are satisfied. We have then for such a g € $ the inequalities

Mi(g®) = Mi(g) < o,

(1.31) Mi(g™) £ 16C;M(g)+27 M (g) < o
and
(1.32) Mi(g™*P) < M}(g™) <o (nZ1).

Using (1.30) and (1.25) we get
Z ”g(n)—g(nﬂ)“ = Ct+1Mt+1(g) < 2_2°‘t+2_2a: = 2'1a¢.
n=0

Therefore each g™ obtained in the construction satisfies || g™ —f;|| < p,. Considering
this, (1.31) and (1.32) we see that each g™ is an h satisfying (1.26) and (1.27).
Remember that estimates for M?(g™*?) also are estimates for x,(g™), and esti-
mates for [|g™ —g™*+| also are estimates for | g™ — x,(g™)|. Therefore also each
x:(g™) is an A satisfying (1.26) and (1.27). We have finally verified that for all g € §
with (1.29) the assumptions made in the course of the construction remain satisfied
for all g™ and for all x,(g™).
We define f;, ; by

(1.33) Jer1 = @101(f).
It follows from (1.28) that

(1.34) Ifee1=fill £ CoraMess(f) = Cos|AIPME(S) < 274 Par.
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Let &, ,=2"1o,. If g€ § satisfies ||f;41—g[|+Cis1M:i11(g) <8;41 then we can
apply the construction and find g@=g, g, g'®, ... because we have

n-1
1fi—g™] = | fi=firal + 1 fir1—gl + Zo lg®—g**?|
v=

S 2%+ | fiv1— 8l + Cra1Mi1(8) < & < p
and

n

D, Z Mi(g™) = CroaMii1(8) < 8141 <

v=0
so that each g is an element 4 satisfying (1.26) and (1.27). Again the same esti-
mates hold for each y,(g™). The equations (1.9) and (1.34) imply

"f_ft+1" < 2722704 ... 4276+,

We have thereby verified the induction hypothesis for 7+ 1. By (1.34) the sequence
/, converges to an element f® € §. As f; satisfies M,(f;)=0 for all +=¢ the limit
[ satisfies (1.7). By (1.9) it also satisfies (1.6). The lemma and therefore also the
theorem are completely proved. [

It seems clear that for a unitary operator U the construction can be modified
in such a way that a doubly infinite strictly increasing sequence (k;, i€ Z) and a
vector f© are obtained for which (U*f®, Ukf®)=0 (-0 <i,j<o0;i#j) and
If=f®l <e.

2. A characterization of weak mixing and discrete spectrum in terms of null-sets.
In this part of the paper we consider a measure preserving (m.p.) transformation
T of a probability space (Q, #, p). T is said to have discrete spectrum if the iso-
metry Uy in the complex Hilbert space 2,=2,(Q, #, u) given by Urf=fo T has
purely discrete spectrum, i.e. if the eigenvectors fe £, span ;. T is said to be
weakly mixing if

@2.1) lim n~? 21 |(T %4 N B)—u(d)u(B)] =0 (4, Be F).

T is weakly mixing if and only if the only eigenvectors f of Uy are the constant
functions (see [8, p. 81] or apply Proposition 1.2 of this paper).

A sequence (B, k€ Z*) of #-measurable sets is called remotely trivial if the
intersection of the c-algebras %,, (m=0) generated by {B,,x, k € Z*} contains
only sets of measure zero and their complements. A sequence (4,, n 2 0) of measur-
able sets is called mixing if, for all Be &, lim,_ o (#(4, N B)—pu(A4,)(B))=0.
Sucheston [18] has shown that (4,) is mixing if and only if every subsequence of
(4,) contains a remotely trivial subsequence. A short proof of Sucheston’s result
has recently been given by Lee K. Jones [22].

THEOREM 2.1. A m.p. transformation T of a probability space (Q, F, ) is weakly
mixing if and only if for all A € F the sequence (T ~"A, n € Z*) contains a remotely
trivial subsequence.
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Proof. Let T be weakly mixing and let 4 € &# be given. Let n,=0. When ny<n,
< .-+ <n, have been determined find a natural number »,,,>n, such that for k
=0,...,1t,

(T ™14 N T~ ™A)—p(4)?| < 272

The sequence (4,)=(T ~™A) satisfies
2.2) t&‘g ((4e N Ap) — (A)(4x)) = 0 (k2 0).

It is known [18] that (2.2) implies that (4,) is mixing. (The proof is a Hilbert space
argument similar to the proof of (c) = (d) in Proposition 1.2.) Thus (4,) has a
remotely trivial subsequence (4, i Z0) by Sucheston’s theorem. (4,,) is the desired
remotely trivial subsequence of (7 ~"A4).

Next assume that T is not weakly mixing. If T is not ergodic, there exists a set
Ie & with T-I=1I and O<pu(l)<1. Then the sequence (7 ~"I) has no remotely
trivial subsequence. We may therefore assume that 7 is ergodic. Let f3const. be
an eigenvector of norm 1 of Uy and ¢#1 the corresponding eigenvalue. The ergo-
dicity of T and the fact that U is an isometry imply |c|=1 and |f|=1. If
y=(2mi)~ ! log c¢ is rational, we write y in the form y=rs~! with (r, s)=1 and
s22. The sets A;={we Q : (2ni) ! log f(w) € [(i—1)s™, is~![} form a partition
of Q and we have T '4;=A4;_, moas Therefore the sequence (T "4,) has no
remotely trivial subsequence. If y is irrational we define a measure A on the Borel-
sets BS[0, 1[ by A(B)=u(A(B)) where A(B)={we Q : (2mi) ! log f(w) € B}. Let
T,x=x+y (mod 1) (x € [0, 1[). We obtain T~*A(B)=A(T, !B), and this implies
that A is an invariant measure for 7,. Thus A must be the Lebesgue-measure. Let
A= A(B) for B=[0, 4[. We claim that (7' ~"A4) has no remotely trivial subsequence:
Let no<n;<ng<--- be a strictly increasing sequence of nonnegative integers.
For some subsequence t, <t,< - - - of the integers the sequence (o, k=1,2,...)
given by «,=n,y (mod 1) converges in [0, I[, because the circle [0, 1[ (mod 1) is
compact. Let « be the limit. 7, "B is the set B"={x € [0, 1[ : x+ny (mod 1) € B}.
Let B*={x €0, 1[ : x+« (mod 1) € B}. We have A(B"« A B*) -0 (k — o) and
therefore u(A(B%) A T~ "«xA) — 0 (k — o). Therefore A(B*) belongs (mod p) to
each o-algebra ¢, (m=0) generated by (T "m+xAd, k=0). As u(4(B*))=1% the
sequence (T ™A, ¢t 20) is not remotely trivial. As the sequence (n,) was arbitrary,
(T ~™A) has no remotely trivial subsequence. []

Before proceeding to the more difficult characterization of discrete spectrum,
we would like to discuss some ideas about mixing and weak mixing of transforma-
tions without finite invariant measure.

For some time it was not known how the property of mixing should be defined
for m.p. transformations of an infinite, o-finite measure space (Q, &, p). As late as
1968 Krickeberg [11] began a survey paper on mixing in topological measure spaces
with the remark: “It has been known for some time that mixing transformations
in an abstract measure space cannot be defined in a reasonable way if the measure
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of the entire space is infinite.”” At approximately the same time Professor Sucheston
and the author [10] introduced the following definitions: A sequence (4,, n20) of
measurable sets is called semiremotely trivial (s.r.t.) if every subsequence contains
a further subsequence which is remotely trivial. A m.p. transformation T of a
o-finite measure space (Q, % i) is called mixing if (T~"4) is s.r.t. for all A e F
of finite measure. T is called completely mixing if (T ~"4) is s.r.t. for all 4 € #
Sucheston’s theorem implies that both notions coincide with strong mixing when
the measure space is finite. The notions proved useful in that they permitted
extensions of a number of well-known results on mixing in finite measure spaces.
However, we failed to point out explicitly that the notions have an intuitive
interpretation. I shall, therefore, now describe a heuristic motivation.

In infinite measure spaces “mixing’’ is a very weak property, equivalent to the
property “zero-type” of Hajian-Kakutani [2]: @(T "4 N B) -0 for all 4, Be &
with finite measure. This only means that sets of finite measure are mapped in such
a way that a given set of finite measure finally contains proportionally the right
amount, namely, asymptotically nothing. The interest in this notion derives from
the fact that it permits a generalization of the Blum-Hanson theorem.

Complete mixing is a rather strong mixing property, and it corresponds well to
what intuition asks for: T induces a transformation T in the space of finite measures
@ on (Q, F) by Te(A)=¢(T ~14). We may interpret ¢ as a mass distribution in Q
and Ty as the distribution of the mass after transportation by 7. Let u; and p,
be probability measures absolutely continuous with respect to z. We may think of
p1 and p, as distributions of a unit mass of red, resp. blue, paint in Q. T is com-
pletely mixing if and only if for all such wu,, ps,

(2.3) T (A)— Trus(4) >0 (A e F).

(2.3) means that after some time every set 4 contains approximately as much red
paint as it contains blue paint, independent of where we placed the paint at the
start. Of course for sets A of finite measure, (2.3) will often be true because T"u,(A)
and T"u,(A) tend to zero. But in general T"u,(A) does not converge. An oscillation
theorem of Mrs. Dowker [1, Theorem 3] even implies that there always exist sets
A € F for which even the Cesaro averages of T"u(A) diverge. It was shown in [10]
that complete mixing in infinite measure spaces even implies that the convergence
(2.3) is uniform in A. This is more than is true for finite measure spaces.
Another intuitive interpretation is as follows: Let v be a probability measure
equivalent to g: v&a«<v. T is completely mixing if and only if for all 4 € &

(2.4) lim ((T~"4 N B)—o(T - "Aw(B)) =0 (BeF).

We see that complete mixing, just like strong mixing in a finite measure space, is
an asymptotic independence property. The remarkable fact that the validity of
(2.4) is independent of the particular choice of v follows from Sucheston’s theorem
—Dbut it can also be established directly by using the Radon-Nikodym theorem.
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Rényi [16] had already observed that the statement lim,_ . v(4, N B)=«a -»(B)
(B e %) remains valid when v is replaced by an equivalent probability measure.
But he was only interested in the case where the limit exists.

We hope that these remarks suffice to show that the definitions in [10] are
“reasonable”.

It is now tempting to use the characterization of weak mixing given in Theorem
2.1 as a definition of weak mixing in infinite measure spaces. However, we do not
believe that such a definition would be reasonable. Our characterization is not
valid for arbitrary sequences of sets: Call a sequence (4,, n=0) of measurable
sets in a probability space (Q, &, n) weakly mixing if

25) lim nz |44, O B)—p(A)u(B)] = 0 (Be F).

It can be seen as in the proof of Theorem 2.1 that a weakly mixing sequence (4,)
contains a remotely trivial subsequence. But the converse is not true. There exist
sequences (4,) which contain a remotely trivial subsequence, but are not weakly
mixing. The validity of (2.5) remains unchanged if p is replaced by an equivalent
measure. This follows from the Radon-Nikodym theorem and was also pointed
out by Rényi [16] in the case where u(A4,) converges. It follows that weak mixing
for sequences of sets can be characterized in terms of the null sets of the measure
space. A rather inelegant characterization can be given as follows: A strictly
increasing sequence {n,, ke Z*} is said to have positive lower density if
k={n; : 0 < n; < k}| does not converge to zero. A sequence (A,,neZ") is
weakly mixing if and only if for every strictly increasing sequence {n,} of positive
lower density the sequence (4,,, kK € Z*) contains a remotely trivial subsequence.
We leave the proof to the reader. We mention that England and Martin [21] have
given a characterization of weak mixing in terms of null sets. Like our characteriza-
tion in Theorem 2.1 it holds only for transformations and not for arbitrary
sequences of sets.

It seems natural to call a m.p. transformation T of a o-finite measure space
(Q, #, p) weakly mixing if for some probability measure v equivalent to g (and
hence for all such measures) each sequence (T " "A4) (4 € %) is weakly mixing in
(Q, #,v). It is not difficult to show that a sequence (A4,) of sets in a probability
space (Q, #, u) is weakly mixing if and only if

n-— o

(2.6) lim n=t'S [y —va(A,)] = O
K=o

for all pairs of probability measures v,, v,<u. Therefore T in (Q, &, i) is weakly
mixing if and only if

n—-1
27) lim 17t S (T~ A) = pa(T ") = 0
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for all A € # and all probability measures p,, u,< . This gives an interpretation
of weak mixing which is analogous to (2.3). Mrs. Dowker has already used (2.7)
(with T4 instead of T-"4) as a definition of weak mixing in some unpublished
work.

Using her Theorem 4 in [1] and the fact [9] that there exist ergodic invertible
m.p. transformations T of an infinite measure space for which T'x T is ergodic,
she proved the existence of invertible weakly mixing transformations preserving
an infinite measure. This is quite striking when it is compared with Theorem 3.1
in [10] which implies that completely mixing m.p. transformations in an infinite,
o-finite measure space necessarily are noninvertible. The notions of complete mixing
as in (2.3) and (2.7) carry over to contractions in £,. In this setting they have re-
cently been studied in the thesis of Dr. M. Lin.

Let us now consider the announced characterization of transformations with
discrete spectrum.

If & is a set of measurable functions, the smallest o-algebra with respect to which
all fe ® are measurable is called the o-algebra generated by & and denoted by
o(®). We shall need the following theorem, which is of independent interest.

THEOREM 2.2. Let T be a m.p. transformation of a probability space (Q, F, p)
and let € be the set of eigenvectors of the isometry Uy. Then 24(Q, o(€), p) is spanned
by € and o(€) is an invariant sub-o-algebra of F.

Proof. Let €, ={fe € : |f|=1}. We first show o(€;)=0(€). As Ur is an iso-
metry each eigenvalue has absolute value 1. It follows that for fe € the sets

(2.8) {weQ:a £|f] < ag} 0= < ay)

are invariant. Invariant sets belong to o(€,), since 1,— 1, € €, if A4 is invariant.
For any fe €, o({f}) is generated by sets of the form (2.8) together with sets of the
form

(29 {0eQ:|flw)| #0,B: = Argf(w) = B3} (-7 <P <Ba=m).
On the invariant set {0} the set in (2.9) coincides with
{o: [flw)] # 0,8, = Arg(|f(w)|"f(w)) = B2}

Hence o({f})<o(€,) and therefore o(€)=0(E,).

Let K be the complex circle {z : |z] =1}. Let g be a real-valued continuous func-
tion on K. The Stone-Weierstrass Theorem [6, p. 98] implies that for each ¢>0
there exist an ne N and 2n+1 complex numbers a, (—rn<k<n) such that
|5k _, az*—g(z)| <e (z€ K). Applying this result.to m continuous functions
g1, ..., &m On K we find that for every £ >0 there exists an » and a matrix {ay, i=1,
..., m; |k| £n} such that

(2.10) |g1(21) - 82(22) - - &n(Zm)— (2 a1i2?)- - (2 amezh)| < €
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for (zy, ..., zy) € K™ (2.10) implies for f;, . . ., fn € €,

.11 <e

61(f)-82(fo) - -~ Ealfi)— (z G fi) (z oS

For each choice of k,, . . ., k,, the function fF1-f¥z. . . f¥m belongs to €,, because the
product of two eigenfunctions is an eigenfunction. As ¢>0 was arbitrary (2.11)
implies that the Hilbert space spanned by €, contains [ [, gi(f;) for arbitrary
continuous g; (1 £i<m) on K. It then also contains [ J{-, 15, o f; for arbitrary Borel
subsets B, (1 <i<m) of K. €, therefore spans 2,(, o(€), p).

It remains to prove T ~'o(€)=0(€) mod p. Let f€ €, Urf=af and let B be a
Borel subset of the complex plane. Then we have

T Yo : f(w)eB} = {w: f(w)ea ' B}

and a~'B={z : az € B} is a Borel set of the complex plane. Hence T ~1o(€) < o(€).
Assume T ~10(€) # o(€) mod p. Then there is an h#0 in the orthogonal complement
of L(Q, T 10(€), p) in ,5(Q, o(€), n). Ukh belongs to the orthogonal complement
of 2,(Q, T~¥~16(€), u) in ,(Q, T *3(€), p) for k=0. Thus the vectors Ukh are
orthogonal. This is impossible since Ur has purely discrete spectrum in
222, (), p). O

LEMMA 2.1. Let T be an ergodic m.p. transformation of a probability space (Q, F , 1)
and let %, be a sub-o-algebra of F with T ~'%,=%, (mod pn) and % #F (mod p).
Then there exists a set Ae F with 0<u(4d)<!1 such that p(A N B)=u(A)u(B)
for all Be #,.

Proof. Let u(A|%,) denote the conditional probability of A4 under %, i.e.
w(A|%) is defined mod p by the requirements that it is %;-measurable and that

~

| HAIF) du = w4 B)  (BeF.

For each finite partition {={4,, ..., 4,} of Q into #-measurable sets we define
m(€)=max {u(4,|%), 1 Si<n}. If y is a partition which is finer than ¢ we have
m(n) Em(§). Let m(%F)=inf {m(£), £ =finite partition}. The infimum is taken in the
space £,(Q, %, p). It follows from T-'# =%, that u(4|%) o T=w(T *4|%)
for all 4 € #. This implies m(F) o T=m(#), and now it follows from the ergo-
dicity of T that m(#) is T-invariant. %, #% implies m(¥)<1. The lemma now
follows from Rohlin’s theorem on cross-sections [17], if (Q, &, u) is a Lebesgue
space. It was pointed out by Hanen and Neveu [4] (see also Neveu [15, Theorem 2])
that the relevant construction in §4 of [17] can also be carried out if Q is not a
Lebesgue space. In that case one has to work with conditional measures u(A4|%)
instead of measures p¢ defined on the fibers induced by the partition (in the sense
of [17])) Z.
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(m(F)=const. <1 means the following in the context of [17]: if m(#)=0, each
measure u is nonatomic and for every « with 0 <« <1 there is a set 4 with u(4)=«
and p(4 N B)=p(A)u(B) (Be %). If m(F)=«>0 then each measure uc has a
largest atom of size «. We may pick an atom of size « from each fiber C in such a
way that the union A4 is #-measurable.)

THEOREM 2.3. Let T be an ergodic m.p. transformation of a probability space
(Q, #, p). T has discrete spectrum if and only if there exists no A € F with 0 <u(A)
<1 for which the sequence (T ™A, n € Z*) has a remotely trivial subsequence.

Proof. First assume that T has discrete spectrum. Then the orbit (Ukf, ke Z+)
of each f€ &, is conditionally norm-compact. (To see this just write fin the form
>, Cif;, where the f; are normalized eigenvectors and 32, |Ci|2<o0.) Let 4 € F
and a subsequence n, <ny < - - - of the integers be given. There exists a subsequence
(m;) of (n;) for which the sequence U1, converges in &,. It necessarily converges
to an indicator function 1, with u(X)=w(4). (T ™A A X)— 0 implies that X
belongs to every o-algebra ¢, (m = 0) generated by (T =4, j= m). Thus (T ~™A) can
be remotely trivial only if u(4)=0 or u(4)=1. Note that we have not used the
ergodicity of T for this part of the proof.

Next assume that 7" does not have discrete spectrum. Theorem 2.2 implies that
the o-algebra o(€) generated by the set € of eigenvectors of U; is not the full
o-algebra #. By Lemma 2.1 there exists a set 4 € # with 0 <u(4) <1 such that 4
is independent of all B € o(€). The function f=pu(A°)1,—u(A4)1 ¢ is orthogonal to
all eigenvectors of Uy. Proposition 1.2 implies (U£f, f) ~» 0, and from this we get

n-1
lim n=1 3 (T4 N A)~u(4)?] = 0.
n— o k=0

The sequence (T "4, n=0) is therefore a weakly mixing sequence of sets and
contains a remotely trivial subsequence. [

In [12] Kusnirenko has studied the following concept of entropy for sub-
sequences: For a finite partition £ of Q and a strictly increasing subsequence {t,}
of the integers let

he (T, €) = limsup n~* H(\"/ T“tf),
i1
he(T) = sup {h,(§, T), € = finite partition}.

Here H(-) is the usual entropy of a partition, and \/}., T ~%¢ is the common re-
finement of the partitions 7~4¢ (1 =i<n). Using the invariant h ,(T) it was pos-
sible to distinguish between transformations, for which all known isomorphy
invariants were the same. Ku$nirenko has proved the following theorem:

THEOREM 2.4 [12]. T has discrete spectrum if and only if hy (T)=0 for each
strictly increasing {t,}.
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(Kusnirenko deals only with invertible transformations, but this theorem carries
over to the noninvertible case without additional difficulties.) The “only if** part
of the theorem is an immediate consequence of the compactness of the orbits
U%f. If T'is ergodic the ““if”’ part follows from Theorem 2.3. (If (T ~™ A) is remotely
trivial, one can select a further subsequence (7 ~%A) such that for an arbitrarily
small given ¢;,; >0 the inequality |u(T ~%+:4 N B)—u(A)u(B)| <&, holds for all
sets B in the field generated by the sets 744 (j=1,...,7).) It is easy to give
examples which show that Theorem 2.3 would be false without the assumption of
ergodicity. However, it seems likely that in the nonergodic case Theorem 2.3 can
be modified in such a way that Theorem 2.4 would follow from it. It seems that T
does not have discrete spectrum if and only if there exists a T-invariant set I of
positive measure for which there exists an A< with 0<u(A4)<p(l) such that
(T-"A) has a remotely trivial subsequence in the restriction of (Q, &, ) to I
Our aim has not been to give an alternative proof of Kusnirenko’s result; therefore
we have not further pursued this possible extension.

3. Weakly independent partitions. Let T be an invertible m.p. transformation,
(i.e. an automorphism), of a probability space (Q, #, u). A partition (of Q) is a
finite collection of disjoint &#-measurable sets, the union of which is Q. Finitely
many partitions &, ={A4y1,..., A1, n}s-..> &={dn1, ..., 4, } are called indepen-
dent if for all (i3, iy, . . ., i) wWith 1=5i,Sn; (j=1,.. ., r) the equation

@) W) 4) = LT tts)

holds. Infinitely many partitions are called independent if every finite subset of
them is independent. A partition £={4,, ..., 4,} is called weakly independent if
there exists a strictly increasing sequence O0=k,<k; <ky<--- of nonnegative
integers such that the partitions T~*¢ (i=0, 1, .. .) are independent. Recall that T
was called 2-sided weakly mixing if for all 4, B, Ce %,

n-1
(32) lim 7 kzo |(T~*4 N B N T*C)— p(A)u(B)u(C)| = O,

and that T is called weakly mixing if (3.2) holds for all 4, Be & and for C=Q.

THEOREM 3.1. (a) If T is 2-sided weakly mixing there exists for every partition
¢={A,, ..., A,} and every ¢ >0 a weakly independent partition £={A4, . . ., A,} with

33) ‘2AAAE%H
and
(34) wA) = p(@)  (G=1,...,n).

(b) Iffor every partition ¢ ={A, A°} (4 € F) and every £ >0 there exists a partition
E={A, A} with w(A \ A)<e and three integers ko, ki, ko such that T*of, T*:§,
T*2¢ are independent, then T is weakly mixing.
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Proof. (b) We start with the much simpler proof of part (b): If T is not ergodic,
there exists an invariant set E € # with O<u(E) <1 and it is clear that there is an
£>0 such that for no k; >0 and E with u(E A E)<e the partitions n={E, E°}
and T* iy can be independent. Thus 7T is ergodic.

If T is not weakly mixing there exists a complex number c¢#1 with |c|=1 and a
measurable complex valued function f on Q with |f|=1 such that fo T=cf.

If y=(2mi)~* log c is rational, we write y in the form y=rs~! with (r, s)=1 and
s=2. Then the sets

3.5 A = {weQ: (2mi) tlog flw)e[G—1)s~, is™ [}

form a partition of Q and we have T~ '4;= A4, _,(moas)- Therefore the sets 4; move
cyclically under T and it is clear that there cannot exist sets A arbitrarily close to
A=A, having the property that at least for one k>0 the equality uw(4 N T*4)
=u(A)? is satisfied.

Next we consider the case where y is irrational. For any Borel set B< [0, 1] define

Ay = {weQ: (2mi) ‘logf(w)e B} and A(B) = u(4p).

Let T)x=x+vy (mod 1) (x € [0, 1[). We obtain T~'4p=Ar;15 and this implies
that A is an invariant measure for T,. Thus A must be the Lebesgue-measure.

Let J=[0, 1/10[, e=1/10000 and A=A,. If A€ Z is such that u(4 A A)<e
and 0 <k, <k, are such that 4, T¥14, T*=4 are independent, then we get

1/100—2¢ < u(A N THA) < 1/100+2¢
and hence

(3.6) 1/100—4e < p(A N T*A) < 1/100+4e (= 1,2).
Similarly we get
3.7 1/100—4e < p(T*14A N T¥24) < 1/100+4e.

The considerations above now imply

(3.8) [A(J N T;8J)—1/100] < 4e (i=12)
and
(3.9) [ATy *:J N Ty k2J)—1/100] < 4e.

Since J is an interval and A(J)=1/10 the equations (3.8) and (3.9) cannot be
simultaneously satisfied. [
For the proof of part (a) we require the following elementary lemma:

LemMA 3.1. Let T'=(y,,) (p=1,...,r;0=1,...,5) be a matrix with real
entries such that

r s
(3.10) Z'}’pa=0 (1=o=5s) and Z')’na=0 I=spsr)
p=1 g=1
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Then there exists a unique matrix (n,,) (1SASr—1,1=5v=<s—1) such that
P=3721 33521 9 AN where AN is the matrix (8)) (1=5i<r, 1 £j<5) given by

V=

Si;V:l (i= A,j:v),(i: A+1,j=y+1)’
=1  (=Aj=viD),(i=2+1Lj=0),
=0 otherwise.

The coefficients v,, in this representation satisfy

3.11) max |7,,| < min (255, 2's") max |y,
Ay 0,0

Sketch of proof. Let 7;, =y,;, then I"=T—,;,;A! is a matrix (y, ,) with the
property (3.10) and with y}, =0. Next let 7;5=y1, and [''=T"—1,,A'2 Now we
have y1, =0 and y7,=0. Successively reduce the elements of the first row to zeros,
then start with the second row, etc. This proves the existence of the representation
and the same argument yields the uniqueness: just observe that n;; has to be y,,;
since 81} =0 for all A, v except A=1, v=1. Then we see that 7, has to be y;,, etc.
To prove (3.11) with min (2°r%, 2's") replaced by 2's" assume that some ¢>0 is a
bound for the elements |y,,|. Then (s—1)e is a bound for the elements |7,,].
If ¢; is a bound for the elements |7;,|, then 2(s— 1)e;+¢ is a bound for the elements
[%541.] by our construction. Induction and the remark that the role of rows and
columns can be interchanged yield (3.11). [

(a) We now turn to the proof of part (a). Let T be 2-sided weakly mixing and
let £>0 and a partition {={4,,..., 4,} of Q be given. We construct a partition
é€={4,,..., 4} with p(4)=n(4) and 3}, u(4; A 4;)<e, and a sequence
O=ko<k; < --- of integers such that the partitions T*o{, T%:1£ T*2f, . .. are inde-
pendent. (In the definition of weak independence of £ independence of the partitions
T-"*¢ is required. This seems natural in view of the relation to weakly wandering
vectors. Proving independence of T%§£, however, saves many minus signs in the
proof. As T is invertible the same construction can be applied to T ~%, to prove the
theorem as stated.) Clearly we may assume that n=2 and that the sets 4; have
strictly positive measure.

Let a>0 be such that w(4;)>a (i=1,...,n). Let B,; (1<, j<n, i#j) be sets of
positive measure such that

(1) Bysd BynBu=2G#b  u(4\YB)>a

and

G.13) ,L(H B,,) <e

The desired weakly independent partition £ will be constructed inductively. We
start with §£@={4L, ..., AP}=¢ and k,=0. After the th step of the construction
we have determined k; and an approximation {9 ={49, ..., 49} of £ in such a way
that the partitions T%o£®, T%1£® | T*£® are independent.
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We shall specify disjoint sets D{?< B; \| Ji=§ D§? and A{**? will be obtained from
Agt) by

(3.14) Af“'l) = (Aft) ] U D§§+1))\U Dg+1)-
j#i j#i

For D{ we may take the empty set.

It will be convenient to consider also subpartitions, i.e. collections of finitely
many disjoint & -measurable sets. (Their union is not necessarily the whole space
Q.) The most important subpartition is &*={A4%, ..., 4¥}, where A¥=A4,\{;+: B,
The refinement 6,V 6,V --- v 6, of p subpartitions 0,={Ej, ..., E;,,} (15j<p)
is the subpartition consisting of the sets E; N E;,N---NE,, (1SN,
1 <j<p). We shall say that 6, v - - - v 8, has positive atoms on F € # when all sets
FNE;\ N---NE,, have positive measure. We denote the maximal common
lower bound for the measure of all these sets by I(FN (0, V - -- v 8,)).

We shall carry out the construction in such a way that for fixed ¢ the measure of
all sets D{¥ (i#/) is the same. Since the sets D (=0, 1, . . .) are disjoint we obtain

(3.15) pAP) =) (=1...,n120)

from (3.14). It will now be sufficient to show that we can find k,,; (=0) and sets
D+ Y as above such that T og¢+D Tk gE+D Th+1£¢+D are independent. The
partition ¢ can then be defined by 4;=lim,_ ., 4 where the limit is taken in the
metric space of all equivalence classes of measurable sets with the metric d(F, G)
=u(F A G). The equations (3.13) and (3.15) imply (3.3) and (3.4).
In the course of the construction of the sets D+ we shall need auxiliary sets
B and C® (i+j) with

(3.16) B = Cp =2 D

and partitions x, and ;. They are determined in the rth step of the construction.
We start with yo=1¢o={Q}. Let B{’=C{? be subsets of By, all having the same
positive measure b, > 0.

The numbers ko <k, < - - - <k, will be determined in such a way that

G.17) I(Qn v/ T":f*) > g+,

where, for simplicity, we set k_,= —k, (r=0). For 1= 1 the partitions ¥, and y; are
defined by

(318) w=r( N, ),
(3.19) b =175 N ) = T
(3.20) b= P V7,

(3.21) Xt = Xt-1 V e
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We shall also have
(3.22) 0 <inf{((C\DP)Nx): 1 S4,j S ni#j}

The infimum on the right side of (3.22) is denoted by ;. The sets C{? will be such
that the union C®=|J, ; C{? has disjoint images T%C® (r=0, .. ., t). The number
m, of atoms of ¢;'is n?~* and the number n, of atoms of y, is n**. We are now
ready to describe step £+ 1 of the construction (#=0):

Step t+ 1. First determine a positive number b,,; <c; so small that

(3.23) (t+1)8(n2nb,, 1)? < a+2b,, ;.

By (3.22) the atoms of (C{?\D{¥) N y, have measure greater than b,,, and we can
pick B+ C®\D{ such that B+ contains from each atom of y, a set of measure
by, 1. Let B¢*V=|J, ; B§*D.

Next determine a number o, , >0 such that

(3.24) Jdplrntt+2y o g¥+2,

As the partitions 9, . . ., T*£® are independent and as T is 2-sided weakly mixing,
there exists an integer k;,, >k, such that

t+1

t+1
629 |u(() )Tl )| < eres (1 sismrsesn
t=0 t=0

and

(3.26) W(THBED A TheaiBE+D) < 2u(BE D2 (0 S 1 < 1)
and

(3.27) IBE D N (X V $hiy1)) 2 2700042 (Q #))
and

(3.28) 1(9 A t\_+/: kag*) > gt

We shall now shrink the sets B*? a little in order to obtain disjointness of the
images. Let

(3.29) Ce+D = B““)\T""Hl(o Tk:BE+D A T"HlB‘“‘D).
=0

The set B¢*Y is a subset of C®. Therefore the sets T%B¢+V (+=0,.. ., t) are dis-
joint. Together with (3.29) we find that the sets 7%:C“*? (0 < 7 <t+1) are disjoint.
The sets C{{*? are defined by

(330) C¢(§+ 1) Bﬁ+1) N C¢+D,
It follows from (3.26) and (3.29) that
(3.31) H(BED\CY) < 2(t+ Du(B* V) = 2(t+1)(nPngby 4 1)
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Thus, (3.23) and (3.27) imply
(3.32) HCHP N (X V $is1)) Z 47 D002 (0 # ).

If we define DE*V in such a way that it is a subset of C{*? then the sets
T*D§+V (0= r<t+1) are disjoint, too, and we obtain from (3.14) for arbitrary
Gioy . - -5 ir41) €{1, 2,..., n}'*2 the equation

t+1 t+1 t+1
(3.33) W) 75A87) = () T5A) + 3 Rolin- s )
where

Ro(iO’ LU ] it+ 1)

(3.34) t+1 t+1
= z #(Tk¢D$t:-l) N Tk,Agt)) —_ Z M(qul)gt-l}l) N T ,A(t))

J#is i 1=0;1#0 * FE iy o 1=0;1#0
Let
(3.39) i ess) = ([0 T) L[
It will now be sufficient to pick the sets D{{* V< C{E*? in such a way that
(3.36) (DY) = w(DE*Y) (i #))
and

t+1

(3.37) Y(os - - -5 fr41) = — Zo R,(io, - - -5 Br41)

for all (ig,-..,#+1) and such that enough space is left in the atoms of y;,.,
=x:V ., on each CE*V\DE+D for the construction to be continued.

It follows from the independence of the sets T%:4{ (0 < r<t) that the numbers
y(ios - . -, Iz+ 1) satisfy the equations

n

(3.38) Z Y(os + - +5 Bty fr41) = 0
41
and
LJ L L . PR
(3.39) 1021 ¢1§=:1‘ . -“Zl V(s - - o5 By G341) = 0

Let us assume that the (¢4 1)-tuples (ig, . . ., i;) (1 =i,<n) are written down in a
lexicographical order. Let =(p) denote the (¢+1)-tuple (i, . . ., ;) which appears
on the pth place of this list. (Of course the mapping = depends on ¢ and should be
denoted by m,. But since we describe only step (¢+ 1) of the construction, it will not
lead to confusion, if the index ¢ is dropped. We shall tacitly use this policy con-
cerning other symbols.)
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By (3.38) and (3.39) we can apply Lemma 3.1 to the matrix I'=(y,,) given by
Yoo =y(m(p), 0) (p=1,2,...,r=n**1;6=1,..., s=n). We obtain a representation

r—1s-1
(3.40) T=3 3 mAv
A=1v=1

By (3.25) we have max, , |y(m(p), 0)| <o, ;. This and (3.11) imply

(3.41) n;ax [man] < 27m®+ Dhay .
v

The matrix (y,,) represents the “errors”, i.e. the deviations from independence,
which occur at this stage of the construction. We have represented the error
matrix as a sum of error-matrices of a very special form. The components of this
sum will now be corrected individually.

For each pair (A,v) with 1=A<r—1, 1sv=<n—1 we shall pick sets E;(}, »)
S C{*Y (i#)) in a way described below. All these sets will be disjoint. (For example
pick E; (1, 1) first, then pick E;/(1, 2) in C{*V\E,(1, 1), etc. There will always be
enough space left over for picking the next set E,(A,v).) Having picked all sets
E, (A, v) we define D* by

r-1n-1
(3.42) D§§+ D= )‘L=Jl ‘.L;)l Eij(A, V).

We shall pick the sets E;,(A, v) in such a way that for fixed (A, v) the sets E;,(A, v)
have the same measure for all pairs (i, j) with i#j and such that for all atoms F
of the subpartition x,V ¢, ; the measure of E;/(A,v) N F is the same. Moreover
E,(A, v) shall be contained in the union of the atoms of x;,;=x,V ¢,.

Before proceeding with the specification of the sets we show that these properties
of the sets E;;(A, v) imply (3.36) and

(B43)  Ryioy..riy) =0 (O0So<t1<i,sn0S 1< t+1)).

The equation (3.36) follows from the disjointness of the sets E(A, v). Let us check
(3.43) for o=1: We have

Rl(i0$ ey ib it+ 1)
(3.4 = ;; p(DEED N Tro~ k1 AP A Tha~ M AP N -0 Thee1-F1 AP, )
1

= S DL O Tro AP A THa AP A A Thea=ka g, ),
i#t

This is equal to the same expression with all 4" replaced by A¥ because the sets
E (A, v) are contained in the union U, , of the atoms of y,, . The intersection of
E(A, v) with C{*? N G has the same measure for each atom G of

(3.45) Tko~kag* v Tha~kif* v ooy Thesr—kyg*

because these atoms are unions of atoms of y, v ;%,, and because for each G the
number of atoms of y; V ¢, ; occurring in the union is the same. It follows that to
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each term in the first sum of (3.44) there corresponds an equally large term in the
second sum. This proves (3.43) for o=1. For 0=0, 2, ..., ¢ the proof of (3.43) is
essentially the same.

For short let X, denote the set T*oA{) N T¥14AP N...N T"A{P for which
m(p)=(iy, . . ., iy). Then the definition (3.34) of R,,; has the form

Rt+ 1(77(P), Iy 1)
G4 o S DL AT RN~ S WU AT ).
J#it+1 J#itsn

Let (A, v) with 1SA=r—1,1=v=n—1 be given.
Case 1. 7,,20. For i=v, j=v+1 pick E;;(A,v)S CE*P N U,,, such that

(3°47) :U‘(EiJ'(A’ V) N T—kHlX)\) = Mavs
(3.48) WEM ) AT aX,) =0 (p # 1)

and such that p(Ejj(A, v) N T~ +1X, N F) is the same for all atoms F of x, v % ;.
For i=v+1, j=v pick E,(A,v)=C{{*Y N U,,, such that

(3.49) WESA, v) 0T 01 X511) = 1

(3.50) WEM ) NT50X,) =0 (p# A+1)

and such that w(E (A, v) N T *+1X,,, NF) is the same for all atoms F of
XeV ity

For all other pairs (i, j) with 1 =4, j<n, i#j pick E (A, v) < C¢*P N Uy, such
that w(E;(A, v))=n,, and such that u(E;;(A, v) N G) is the same for all atoms G of

Xt+1-
Case 2. 7,,<0. For i=v, j=v+1 pick E;(A,v)= C{*Y N U,,, such that

WEGA, v) N T 1 Xy 10) = |nls
WE A ) NT X)) =0 (p #A+1)
and such that u(E;;(A, v) N T~*t+1X, ., N F)is the same for all atoms F of y, Vv ¢, ;.
For i=v+1, j=v pick E;;(A, v)< C{*Y N Uy, , such that
WE A, v) N T 41X,) = ),
WEA V) NT M 01X) =0 (p # 2)
and such that p(E;,(A, v) N T~*:+1X, N F) is the same for all atoms F of x, v ¢, ;.
For all other pairs (i, j) with 1 =7, j<n, i#j pick E (A, v)SC¢*Y N U,,, such
that u(E;;(A, v))=|n,,| and such that u(E;;(A, v) N G) is the same for all atoms G of

Xt+1-

This completes the definition of the sets E;;(A, v) and therefore of the sets D+ b,
Let us make sure that the sets needed for picking E;(A, v) have been large enough:
We have picked (r—1)(n—1)=n“*.n sets E;; (), v), each of them having measure
|7ay|- From (3.41) and (3.24) we get

(351) #(Dg+1)) < n_nt+1,2n,n(t+l)nat+1 < 2‘3b,+1a4”2.
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On the other hand (3.32) says that each atom G of y,, , intersects C{!* in a set of
measure greater or equal to 4~ 1b,,,a%**2. It follows that the construction is pos-
sible and that

(3.52) I(CH*P\DE* ) O x4 ) 2 27%B,0a% "2

This is condition (3.22) with ¢ replaced by 7+ 1.
It remains to verify (3.37), which in view of Ry=R;=--- =R,=0 now is equiva-
lent to

(3.53) =Ry 1(ioy . oy Beyr) = Yoy -+ 5 fy1).
Let us write i;, ; =u and (i, . . ., i;)=m(0). Then we have

=Rip1(ios .. s dpen) = 2 (DG N T~ 1 Xp) — p(DYSV N T Fes1 X))
vEu

= ; { Z (M(EAv) N T Fe41Xp) —u(Eyy(A,v) N T ~Fev 1X9))}.

The expression inside { } is denoted by B, (A, v). This quantity is now determined
for fixed (A, v) with 1 SA<n—1, 12v=n—1:

Case 1. 7,,20.

(a) =X, u=v. For v£u+1 we have

MELA, v) N T ¥ i+1Xg) = w(E, (A, v) N T~ Fev1Xp)

so that all terms of the sum which correspond to v#u+1 cancel. The term corre-
sponding to v=u+1=v+1 is 7,,—0 by (3.47) and (3.50). Thus B ,(A, v) =1,

(b) 6=A+1, u=v. As before the terms for v#u+ 1 cancel. The equations (3.48)
and (3.49) yield By (A, v)= —7n,-

(c) 6=A, u=v+1. Only the term with v=v=u—1 remains. (3.50) and (3.47)
give /88,14(’\> V)=0—n\,= =7,

(d) 6=A+1, u=v+1. Again only the terms with v=v=u—1 remain. (3.49) and
(3.48) give By.,(A, v)=7,,—0.

In all other cases all terms cancel. We have therefore proved that the matrix
(Bs..(A, v)) has the form 7,,A™.

Case 2. 1,,<0. Also in this case (B, ,(, v))=n,,A" can be obtained by sys-
tematically checking all cases.

Equation (3.40) now implies

}Z Bo,u(A, v) = ¥(m(0), u) = y(io, . . ., ps1).

This completes the proof of the independence of £¢+1), Tk g+ - Tk gt+D
and, therefore, the proof of the theorem. []

It seems clear that essentially the same construction can be used to obtain a
partition £ and a bilateral strictly increasing sequence (k;, —oo <t <o0) of integers
such that the partitions T%:£ (— oo < ¢ < 00) are independent. However, the inductive
definition gets technically more difficult in that case.
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